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THE SIGNATURE OF THE RICCI CURVATURE
OF LEFT INVARIANT RIEMANNIAN METRICS
ON 4-DIMENSIONAL LIE GROUPS
A.G. KREMLYOV, YU.G. NIKONOROV
Abstract. In this paper, we present the classification of all possible signatures of
the Ricci curvature of left-invariant Riemannian metrics on 4-dimensional Lie groups
and discuss some related questions.
Key words and phrases: Riemannian manifold, Lie groups, Ricci curvatures.
This brief note contains the main results of our papers [20] and [21], devoted to the
classification of all possible signatures of the Ricci curvatures of left-invariant metrics
on 4-dimensional Lie groups. We also discuss some related questions.
1. The main results
It is well known that various restrictions on the curvature of a Riemannian manifold
allow to get some information on its geometrical and topological properties. Some
results of this type are related to the Ricci curvature. For example, the Myers theorem
[24] states that a complete Riemannian manifold with positive Ricci curvature is com-
pact and has finite fundamental group. Note that the Ricci curvature is more informa-
tive for homogeneous Riemannian manifolds. For instance, a Riemannian homogeneous
manifold with negative Ricci curvature is noncompact by the Bochner theorem [6].
For a homogeneous space G/H (where H is a compact subgroup of the Lie group G),
it is naturally to find some general properties of the Ricci curvature of all G-invariant
Riemannian metrics on G/H . One can make this problem more precise and concrete
in various ways. One variant is to consider the following question: What are possible
signatures of the Ricci operators for all G-invariant Riemannian metrics on the space
G/H? There is a hope that this question could be completely resolved at least for the
case of low dimensions. From the paper [22] of J. Milnor we know the answer to this
question for dimensions ≤ 3. The papers [14, 4, 30] give us the corresponding answer
for all four-dimensional homogeneous spaces, different from the Lie groups.
We recall briefly some structure results on homogeneous Riemannian manifolds of
low dimensions. All 2-dimensional simply connected homogeneous Riemannian mani-
folds are symmetric. Each 3-dimensional simply connected homogeneous Riemannian
manifold is either a symmetric space, or a Lie group supplied with a left-invariant Rie-
mannian metric [4, 30]. As noted before, the signatures of the Ricci curvature of left
invariant metrics on 3-dimensional Lie groups were classified in [22] (some refinements
and generalizations one can find in [18, 17, 31]). The classification of 4-dimensional ho-
mogeneous Riemannian manifolds was obtained by S. Ishihara [14]. G. Jensen proved
that every 4-dimensional simply connected homogeneous Einstein manifold is isometric
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Table 1.
Signature Signature Signature
1 (−,−,−,−) 6 (−,−,+,+) 11 (0, 0, 0, 0)
2 (−,−,−, 0) 7 (−, 0, 0, 0) 12 (0, 0, 0,+)
3 (−,−,−,+) 8 (−, 0, 0,+) 13 (0, 0,+,+)
4 (−,−, 0, 0) 9 (−, 0,+,+) 14 (0,+,+,+)
5 (−,−, 0,+) 10 (−,+,+,+) 15 (+,+,+,+)
to a symmetric space [16]. Some refinements of results of [14] are obtained by L. Berard-
Bergery [4] and V. Patrangenaru [30]. In particular, it was shown in [14, 4, 30] that
an arbitrary simply connected homogeneous Riemannian manifold of dimension ≤ 4
is either a symmetric space, or a Lie group with a suitable left invariant Riemannian
metric. Recall, that each symmetric space is a direct metric product of Euclidian space
and some irreducible symmetric spaces. Moreover, every irreducible symmetric space
is Einstein (i. e. it has constant Ricci curvature). Therefore, the problem of determi-
nation of all possible signatures of the Ricci operators of invariant metrics on a given
symmetric space has an obvious solution. The same problem for left invariant metrics
on a given Lie group is more hard and interesting.
For dimensions n ≥ 5 we have only partial results. It is necessary to mention the
paper [11] of I. Dotti-Miatello, where Ricci signatures of left-invariant Riemannian
metrics on two-step solvable unimodular Lie groups are determined, and the paper [19]
of A.G. Kremlyov, where he determined all possible signatures of the Ricci operators
for left invariant metrics on nilpotent five-dimensional Lie groups.
The signature of a symmetric operatorA, defined on a n-dimensional Euclidian space,
is a n-tuple (sgn(λ1), sgn(λ2), . . . , sgn(λn)), where λ1 ≤ · · · ≤ λn are the eigenvalues
of the operator A and sgn(x) means the sign of a (real) number x. We list all possible
signatures for the 4-dimensional case in Table 1.
Any local problem related to the Ricci curvature of a left-invariant Riemannian met-
ric ρ on a (connected) Lie group G can be reformulated in terms of the corresponding
metric Lie algebra. Recall, that the left invariant metric ρ defines an inner product Q
on the Lie algebra g of G and vice versa: each inner product Q on g induces a left-
invariant metric ρ on G. There are useful formulas for the Ricci operator of the metric
Lie algebra (g, Q) (see, e. g. [2] or [5]).
Note that the set of inner products on a given n-dimensional Lie algebra g has
dimension n(n + 1)/2. This set could be reduced with using of the automorphism
group of g (see e.g. [15]). In the 4-dimensional case, after this reduction we get the
space of “representative” inner products of dimension ≤ 6 = 10−4. The classification,
up to the action of the automorphism group, of the inner products on all 4-dimensional
Lie algebras is obtained in the paper [9]. Therefore, for a given 4-dimensional Lie group
(Lie algebra), our original problem could be reduced to the study of the signature of
some 4×4 symmetric matrix (the matrix of the Ricci operator in a suitable orthonormal
basis), which depends on ≤ 6 parameters.
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Table 2.
Lie algebra Nonzero commutation relations
4A1
A2 ⊕ 2A1 [e1, e2] = e2
2A2 [e1, e2] = e2, [e3, e4] = e4
A3,1 ⊕A1 [e2, e3] = e1
A3,2 ⊕A1 [e1, e3] = e1, [e2, e3] = e1 + e2
A3,3 ⊕A1 [e1, e3] = e1, [e2, e3] = e2
A3,4 ⊕A1 [e1, e3] = e1, [e2, e3] = −e2
Aα3,5 ⊕ A1,
0 < |α| < 1
[e1, e3] = e1, [e2, e3] = αe2
A3,6 ⊕A1 [e1, e3] = −e2, [e2, e3] = e1
Aα3,7 ⊕A1, α > 0 [e1, e3] = αe1 − e2, [e2, e3] = e1 + αe2
A3,8 ⊕A1 [e1, e2] = −e3, [e3, e1] = e2, [e2, e3] = e1
A3,9 ⊕A1 [e1, e2] = e3, [e3, e1] = e2, [e2, e3] = e1
A4,1 [e2, e4] = e1, [e3, e4] = e2
Aα4,2, α 6= 0 [e1, e4] = αe1, [e2, e4] = e2, [e3, e4] = e2 + e3
A4,3 [e1, e4] = e1, [e3, e4] = e2
A4,4 [e1, e4] = e1, [e2, e4] = e1 + e2, [e3, e4] = e2 + e3
Aα,β4,5 , αβ 6= 0,
−1 ≤ α ≤ β ≤ 1
[e1, e4] = e1, [e2, e4] = αe2, [e3, e4] = βe3
Aα,β4,6 , α 6= 0, β ≥ 0 [e1, e4] = αe1, [e2, e4] = βe2 − e3, [e3, e4] = e2 + βe3
A4,7 [e2, e3] = e1, [e1, e4] = 2e1, [e2, e4] = e2, [e3, e4] = e2 + e3
A4,8 [e2, e3] = e1, [e2, e4] = e2, [e3, e4] = −e3
Aβ4,9, −1 < β ≤ 1 [e2, e3] = e1, [e1, e4] = (1 + β)e1, [e2, e4] = e2, [e3, e4] = βe3
A4,10 [e2, e3] = e1, [e2, e4] = −e3, [e3, e4] = e2
Aα4,11, α > 0
[e2, e3] = e1, [e1, e4] = 2αe1, [e2, e4] = αe2 − e3,
[e3, e4] = e2 + αe3
A4,12 [e1, e3] = e1, [e2, e3] = e2, [e1, e4] = −e2, [e2, e4] = e1
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Table 3.
Signature
Lie algebra 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
4A1 − − − − − − − − − − + − − − −
A3,1 ⊕A1 − − − − + − − − − − − − − − −
A3,4 ⊕A1 − − + − + + + − − − − − − − −
A3,6 ⊕A1 − − + − + + − − − − + − − − −
A3,8 ⊕A1 − − + − + + + − − − − − − − −
A3,9 ⊕A1 − − + − + + − + + + − + − + −
A4,1 − − + − + + − − − − − − − − −
A−24,2 − − + − + + − − − − − − − − −
Aα,−1−α4,5 ,
α ∈ (−1,−1
2
)
− − + − + + + − − − − − − − −
A
−1/2,−1/2
4,5 − − − − + − + − − − − − − − −
A−2β,β4,6 − − + − + + + − − − − − − − −
A4,8 − − + − + + − − − − − − − − −
A4,10 − − + − + + − − − − − − − − −
In Table 2, we present the classification of 4-dimensional Lie algebras obtained by
G.M. Mubarakzyanov [23] (see also [29, 9, 10, 3]). Now we can formulate our main
results (it should be noted that some partial results in this direction were obtained also
in the paper [8] of D. Chen).
Theorem 1 ([20]). Let g be a unimodular 4-dimensional Lie algebra from Table 2,
s be an arbitrary signature from Table 1. Then s can be realized as the signature of the
Ricci operator for some inner product on g if and only if there is the sign “+” in the
entry of Table 3, corresponding to the Lie algebra g and the signature s.
Corollary 1 ([20]). The signatures (−,−,−,−), (−,−,−, 0), (−,−, 0, 0), (0, 0,+,+)
and (+,+,+,+) are not the signatures of the Ricci operators for left-invariant Rie-
mannian metrics on 4-dimensional univodular Lie groups.
Corollary 2 ([20]). Let g be a 4-dimensional unimodular Lie algebra, Q be an arbitrary
inner product on g, and S be the scalar curvature of the metric Lie algebra (g, Q). Then
the following assertions are true:
1) If g commutative, then S = 0;
2) If g is isomorphic to A3,6 ⊕ A1, then S = 0 or S < 0;
3) If g is isomorphic to A3,9 ⊕ A1 = su(2)⊕ R, then S may have any sign;
4) For all other Lie algebras g the inequality S < 0 holds.
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Table 4.
Signature
Lie algebra 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
A2 ⊕ 2A1 − − − + + − − − − − − − − − −
2A2 + + + + + + − − − − − − − − −
A3,2 ⊕ A1 − + + + + + − − − − − − − − −
A3,3 ⊕ A1 − + + − − − − − − − − − − − −
Aα3,5 ⊕ A1, α ∈ (−1, 0) − − + − + + − − − − − − − − −
Aα3,5 ⊕ A1, α ∈ (0, 1) − + + + + + − − − − − − − − −
Aα3,7 ⊕ A1 − + + + + + − − − − − − − − −
Aα4,2, α < 0, α 6= −2 − − + − + + − − − − − − − − −
Aα4,2, α > 0, α 6= 1 + + + + + + − − − − − − − − −
A14,2 + + + − − − − − − − − − − − −
A4,3 − − + − + + − − − − − − − − −
A4,4 + + + + + + − − − − − − − − −
Aα,α4,5 , α ∈ [−1,−
1
2
) − − + − − − − − − − − − − − −
Aα,α4,5 , α ∈ (−
1
2
, 0) − − − − − + − − − − − − − − −
Aα,14,5 , α ∈ [−1, 0) − − + − − − − − − − − − − − −
Aα,α4,5 , α ∈ (0, 1) + + + − − − − − − − − − − − −
Aα,14,5 , α ∈ (0, 1) + + + − − − − − − − − − − − −
A1,14,5 + − − − − − − − − − − − − − −
Aα,β4,5 , α ∈ [−1, 0) − − + − + + − − − − − − − − −
Aα,β4,5 , α ∈ (0, 1),
α 6= β
+ + + + + + − − − − − − − − −
Aα,β4,6 , α < 0,
β > 0, α 6= −2β
− − + − + + − − − − − − − − −
Aα,β4,6 , α > 0 , β > 0 + + + + + + − − − − − − − − −
Aα,04,6 − − + + + + − − − − − − − − −
A4,7 + + + + + + − − − − − − − − −
Aβ4,9, β ∈ (−1,−1/2) − − + − + + − − − − − − − − −
A
−1/2
4,9 − − + + + + − − − − − − − − −
Aβ4,9, β ∈ (−1/2, 1) + + + + + + − − − − − − − − −
A14,9 + + + − − − − − − − − − − − −
Aα4,11 + + + + + + − − − − − − − − −
A4,12 + + + + + + − − − − − − − − −
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Theorem 2 ([21]). Let g be a non-unimodular 4-dimensional Lie algebra from Table 2,
s be an arbitrary signature from Table 1. Then s can be realized as the signature of the
Ricci operator for some inner product on g if and only if there is the sign “+” in the
entry of Table 4, corresponding to the Lie algebra g and the signature s.
Remark 1. In Table 4, the lines, corresponded to the Lie algebras Aβ4,9, β ∈ (−1, 1],
are corrected, because some results on these Lie algebras in [21] are wrong (see the next
section for details).
Corollary 3 ([21]). The Ricci operator of any left-invariant Riemannian metric on
every 4-dimensional non-unimodular Lie group has at least two negative eigenvalues.
For every signature from the list (−,−,−,−), (−,−,−, 0), (−,−,−,+), (−,−, 0, 0),
(−,−, 0,+) and (−,−,+,+), there are a 4-dimensional non-unimodular Lie group G
and a left-invariant Riemannian metric ρ on G such that the signature of the Ricci
operator of (G, ρ) coincides with the chosen one.
The proofs and discussions of all above results can be found in the papers [20, 21].
Our main technical tools are some ideas and structure results from [2, 22, 25, 26]. It
should be noted that in order to study some signatures (for instance, (−,−, 0, 0)) we
have developed some special methods.
Note also that in [20, 21] we have found special (very useful for various compu-
tations) bases for every inner product on every four-dimensional Lie algebra. These
auxiliary results could be very helpful in order to study other problems related to four-
dimensional Lie groups with left-invariant Riemannian metrics. This is confirmed e. g.
by papers [12] and [13].
Note that the scalar curvature of any left-invariant Riemannian metric on a non-
unimodular Lie group is negative [15, 22]. Thus the Ricci operator in this case has
at least one negative eigenvalue. Corollary 2 states that there are at least 2 such
eigenvalues in the 4-dimensional case. The same is true for the dimensions 2 and 3
(see [22]). We supposed that it is a general property on non-unimodular solvable Lie
groups (for dimensions ≤ 4 every non-unimodular Lie group is solvable):
Conjecture 1 ([21]). Let s be a non-unimodular solvable Lie algebra of an arbitrary
dimension. Then for every inner product Q on s, the Ricci operator of the metric Lie
algebra (s, Q) has at least two negative eigenvalues.
This conjecture was confirmed for dimensions≤ 4 and for non-unimodular metabelian
Lie algebras in [21], for all non-unimodular solvable metric Lie algebras of dimension
≤ 6 in [7], for all completely solvable Lie algebras in [28], and for all Lie algebras with
six-dimensional two-step nilpotent derived algebras in [1]. The proof of this conjecture
in full generality was obtain in the paper [27].
2. One example: the Lie algebras Aβ4,9
In this section, we examine the signatures of the Ricci operator of all possible inner
products on the Lie algebras Aβ4,9, β ∈ (−1, 1]. We have chosen this example because
Proposition 22 in [21] is incorrect. Below we give its correct version.
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Proposition 1. Only the signatures (−,−,−,+), (−,−, 0,+), and (−,−,+,+) (items
1, 5, and 6 from Table 1) are realized as signatures of the Ricci operators for all inner
products on the Lie algebra Aβ4,9 for any β ∈ (−1,−1/2).
Only the signatures (−,−,−,+), (−,−, 0, 0), (−,−, 0,+), and (−,−,+,+) (items
3–6 from Table 1) are realized as signatures of the Ricci operators for all inner products
on the Lie algebra A
−1/2
4,9 .
Only the signatures (−,−,−,−), (−,−,−, 0), (−,−,−,+), (−,−, 0, 0), (−,−, 0,+),
and (−,−,+,+) (items 1–6 from Table 1) are realized as signatures of the Ricci oper-
ators for all inner products on the Lie algebra Aβ4,9 for any β ∈ (−1/2, 1).
Only the signatures (−,−,−,−), (−,−,−, 0), and (−,−,−,+) (items 1–3 from Ta-
ble 1) are realized as signatures of the Ricci operators for all inner products on the Lie
algebra A14,9.
The rest of this section consists of the proof of this proposition. Let A be a symmetric
matrix, then by Ai1,..., is we denote its submatrix, which is obtained by deleting all rows
and columns with the numbers i1, . . . , is.
We have the following lemma for the Lie algebras Aβ4,9 (we suppose that β ∈ (−1, 1]
is fixed).
Lemma 1 (Lemma 18 in [21]). For any inner product (·, ·) on the Lie algebra Aβ4,9,
there exists an (·, ·)-orthonormal basis {fi} with the following nonzero structure con-
stants:
C11,4 = a(β + 1), C
1
2,3 = b, C
1
2,4 = c, C
2
2,4 = a,
C13,4 = d, C
2
3,4 = f(1− β), C
3
3,4 = aβ ,
where a, b, c, d, f ∈ R, a > 0 and b > 0. Conversely, for all real numbers a > 0, b > 0,
c, d, and f , a Lie algebra with the above-mentioned (nonzero) structure constants is
isomorphic to the Lie algebra Aβ4,9.
Below we will study the Ricci operator Ric of the metric Lie algebra (g = Aβ4,9, (·, ·)),
which is represented by a symmetric (4 × 4)-matrix in the basis {fi}. An explicit
formula for Ric could be found e. g. in [2]:
Ric = −
1
2
∑
i
ad∗fi adfi +
1
4
∑
i
adfi ad
∗
fi
−
1
2
B − (adH)
s,
where A∗ means the metric adjoint of an arbitrary operator A, B is the Killing operator
(i. e. (BX, Y ) = trace(ad(X) · ad(Y )) for X, Y ∈ g), the vector H is determined by
the equality trace ad(X) = (X,H) for all X ∈ g, (adH)
s = 1
2
(adH +ad
∗
H). Direct
calculations imply the following equality in our case:
Ric =
1
2


b2 + c2 + d2 − 4a2(1 + β)2 −acβ + df(1 − β)− cl −d(a + l) 0
−acβ + df(1 − β)− cl −2al − b2 − c2 + f2(1− β)2 −cd− af(1 − β)2 − fl(1 − β) bd
−d(a + l) −cd− af(1 − β)2 − fl(1 − β) −4a2β(1 + β)− b2 − d2 − f2(1− β)2 −bc
0 bd −bc −r


,
where l = 2a(1 + β) > 0 and r = 4a2(β2 + β + 1) + c2 + d2 + f 2(1− β)2 > 0.
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It is clear that the forth diagonal elements of Ric is negative. Now, consider the
submatrices Ric1,2 and Ric1,3. It is easy to check that
4
(
det(Ric1,2) + det(Ric1,3)
)
= 16(1 + β)2(β2 + β + 1)a4
+
(
8(β2 + β + 1)b2 + 4(3β + 2 + 2β2)(c2 + d2) + 4f 2(β2 − 1)2
)
a2 + c4 + d4
+(2f 2(β − 1)2 + c2 + d2)b2 + (f 2(β − 1)2 + 2d2)c2 + f 2(β − 1)2d2 > 0.
From this we get that at least one of the matrices Ric1,2 and Ric1,3 is negative definite.
It implies that Ric has at least 2 negative eigenvalue. Therefore, the signature of the
Ricci operator of the metric Lie algebra (Aβ4,9, (·, ·)) should be one of the signatures 1–6
in Table 1.
Remark 2. By Theorem 3 in [21], the Ricci operator of any four-dimensional nonuni-
modular metric Lie algebra has at least two negative eigenvalues. See the end of the
previous section for a discussion of this result and its generalizations.
2.1. The case β = 1. In this special case, the matrix of the Ricci operator has the
form
Ric =
1
2


b2 + c2 + d2 − 16a2 −5ac −5ad 0
−5ac −8a2 − b2 − c2 −cd bd
−5ad −cd −8a2 − b2 − d2 −bc
0 bd −bc −12a2 − c2 − d2

 .
The submatrix Ric1, that produced from Ric by deleting of the first row and the first
column, is negative definite. Therefore, the signatures 4–6 from Table 1 are impossible.
On the other hand, the signatures 1, 2, and 3 are the signatures of the Ricci operator
for some inner product, as shown in Table 5.
Table 5.
N of signature Signature a b c d
1 (−,−,−,−) 1 1 0 0
2 (−,−,−, 0) 1 4 0 0
3 (−,−,−,+) 1 6 0 0
2.2. The case β ∈ (−1/2, 1). Let p(t) be the characteristic polynomial of the matrix
2Ric with c = d = 0. If in addition a = 1 and b = 2(1 + β), then
p(t) = t(t+ 4(β2 + β + 1) + f 2(β − 1)2)×
(
t2 + 12(1 + β)2t− (1− β)4f 4
−(5β2 + 6β + 5)(1− β)2f 2 + 16(2 + β)(1 + 2β)(1 + β)2
)
.
In particular, if f = 0, then
p(t) = t(t + 4(β2 + β + 1))(t+ 4(1 + β)(1 + 2β))(t+ 4(2 + β)(1 + β)) ,
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and we get the signature (−,−,−, 0) (recall that β > −1/2). For any big enough f we
obviously get the signature (−,−, 0,+). Hence, for some f ∈ (0,∞) we will have the
signature (−,−, 0, 0) too.
If a = 1 and b = 3(1 + β), then
p(t) = (t− 5(1 + β)2)(t+ 4(β2 + β + 1) + f 2(1− β)2)×
(
t2 + 22(1 + β)2t
−(1− β)4f 4 − (5β2 + 6β + 5)(1− β)2f 2 + (9β + 13)(13β + 9)(β + 1)2
)
.
It is easy get the signatures (−,−,−,+) and (−,−,+,+) for suitable choice of f (the
first we get for f = 0, the second for big enough f).
If a = b = 1 and f = 0, then
p(t) = (t+ (2 β + 3) (2 β + 1))(t+ 4(β2 + β + 1))(t+ (2 β + 1)2)(t + 5 + 4β) ,
and we get the signature (−,−,−,−).
Hence, for β ∈ (−1/2, 1) the Ricci operator Ric may have any of the signatures 1–6
from the Table 1.
2.3. The case β ∈ (−1,−1/2]. First, we prove the following
Lemma 2. If the Ricci operator Ric is non-positive defined, then β = −1/2 and the
signature of Ric is (−,−, 0, 0).
Proof. Consider the matrices
D = diag(−3β,−1− 2β, 1− β, 0), Q(t) = diag
(
1,
(
cos(t) sin(t)
−sin(t) cos(t)
)
, 1
)
,
and D(t) = Q(t)DQ−1(t). Since the eigenvalues −3β,−1 − 2β, 1 − β, 0 of D(t) are
non-negative, D(t) is non-negative defined. Therefore, trace
(
Ric ·D(t)
)
≤ 0 for all
t ∈ R.
Direct calculations show that 2 trace
(
Ric ·D(t)
)
= h1(t) + h2(t), where
h1(t) = (2 + β)
(
cos(t)c− sin(t)d
)2
− (1 + 2β)(c2 + d2),
h2(t) = 4(1 + β)
(
(5− cos2(t))β(1 + β) + cos(2t)
)
a2
− sin(2t)(1− β)(3 + β)(2 + β)af − (2 + β)(1− β)2cos(2t)f 2.
Note, that h1(t) and h2(t) don’t depend on b. Since 1 + 2β ≤ 0, then h1(t) ≥ 0 for all
values of t.
Now, let us choose t0 such that (recall that a 6= 0)
cos(2t0) > 0 and a sin(2t0) + f cos(2t0) = 0 .
If we substitute f = −a sin(2t0)/ cos(2t0) in h2(t0), then we get
h2(t0) =
4a2(1 + β)
cos(2t0)
(
(9 cos2(t0)− 5)β(1 + β) + 1
)
.
The minimal value of the function β 7→ (9 cos2(t0)− 5)β(1+ β) + 1 on [−1,−1/2] may
be achieved only at the points β = −1 and β = −1/2. But in these points the function
under consideration has the values 1 and 9
4
sin2(t0) respectively. Hence, its minimal
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value is non-negative and it is equal to 0 if and only if sin(t0) = 0, β = −1/2 and f = 0
simultaneously. If, in addition, h1(t0) = 0, then c = 0.
Therefore, for β ∈ (−1,−1/2) we get 2 trace
(
Ric ·D(t0)
)
= h1(t0) + h2(t0) > 0, that
impossible. Hence for β ∈ (−1,−1/2) the Ricci operator Ric has at least one positive
eigenvalue.
If β = −1/2, c = f = 0, then we have
Ric =
1
2


b2 + d2 − a2 0 −2ad 0
0 −b2 − 2a2 0 bd
−2ad 0 −b2 − d2 + a2 0
0 bd 0 −3a2 − d2


Consider two its submatrices(
b2 + d2 − a2 −2ad
−2ad −b2 − d2 + a2
)
and
(
−b2 − 2a2 bd
bd −3a2 − d2
)
.
The first one has zero trace, hence, it has the signature (0, 0) for b = a and d = 0 or
the signature (−,+) otherwise. The second submatrix is negative defined. Therefore,
Ric may have only signature (−,−,−,+) or (−,−, 0, 0) for β = −1/2, c = f = 0. In
particular, Ric may not have the signatures (−,−,−,−) or (−,−,−, 0) for β = −1/2.
We have proved that the signatures (−,−,−,+) and (−,−, 0, 0) are admissible,
but the signatures (−,−,−,−) and (−,−,−, 0) are not admissible for Ric in the case
β = −1/2 (see the end of the proof of Lemma 2). Now, it suffices to check the signatures
(−,−,+,+) and (−,−, 0,+). Suppose that c = d = 0 and b = 2a, then
Ric =
1
2
diag

3a2,

 −6 a2 + 94 f 2 −154 af
−15
4
af −3a2 − 9
4
f 2

 ,−3a2 − 9
4
f 2

 .
The trace of the depicted (2 × 2)-submatrix is negative. It is easy to prove that the
signatures (−,−,+,+) and (−,−, 0,+) are realized for some suitable a and f .
Finally, we get that for β = −1/2 the Ricci operator Ric may have exactly one of
the signatures (−,−,−,+), (−,−, 0, 0), (−,−, 0,+), and (−,−,+,+).
Now we finish the study of the case β ∈ (−1,−1/2). We have proved (see Lemma 2)
that the signatures (−,−,−,−), (−,−,−, 0), and (−,−, 0, 0) are impossible. Now we
check the signature (−,−,−,+), (−,−, 0,+), and (−,−,+,+). Put c = d = 0 and
b = 2a, then
Ric =
1
2
diag
(
−4a2β(2 + β), A ,−4a2(1 + β + β2)− f 2(1− β)2
)
,
where
A =
(
−4a2(2 + β) + f 2(1− β)2 −af(3 + β)(1− β)
−af(3 + β)(1− β) −4a2(1 + β + β2)− f 2(1− β)2
)
.
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It is easy to see that trace(A) = −4a2(3 + 2β + β2) < 0 and
det(A) = −(1− β)4f 4 − a2(5β2 + 6β + 5)(1− β)2f 2 + 16a4(2 + β)(1 + β + β2).
It is clear that det(A) can have any sign for suitable a and f . Therefore, for β ∈
(−1,−1/2) the Ricci operator Ric may have exactly one of the signatures (−,−,−,+),
(−,−, 0,+), and (−,−,+,+).
The authors are indebted to Nurlan Abiev and Yuri Nikolayevsky for helpful discus-
sions concerning this paper.
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